Abstract. In this article, we establish a truncated non-integrated defect relation for algebraically nondegenerate meromorphic mappings from an m-dimensional complete Kähler manifold into a subvariety V of k−dimension in P n (C) intersecting q hypersurfaces Q 1 , ..., Q q in N -subgeneral position of degree d i with respect to V , i.e., the intersection of any N + 1 hypersurfaces and V is empty. In our result, the truncation level of the counting functions is explicitly estimated. Our result generalizes and improves previous results.
Introduction and Main result
Let M be a complete Kähler manifold of dimension m and let V be a subvariety of kdimension of P n (C). Let f : M −→ V be a meromorphic mapping and Ω f be the pull-back of the Fubini-Study form Ω on P n (C) by f . For a positive integer µ 0 and a hypersurface D of degree d in P n (C) with f (M) ⊂ D, we denote by ν f (D)(p) the intersection multiplicity of the image of f and D at f (p).
In 1985, H. Fujimoto [6] defined the notion of the non-integrated defect of f with respect to D truncated to level µ 0 by δ [µ 0 ] f := 1 − inf{η ≥ 0 : η satisfies condition ( * )}.
Here, the condition (*) means that there exists a bounded non-negative continuous function h on M whose order of each zero is not less than min{ν f (D), µ 0 } such that
And then he gave a result analogous to the defect relation in Nevanlinna theory as follows.
Theorem A. (see [6] , Theorem 1.1) Let M be an m-dimensional complete Kähler manifold and ω be a Kähler form of M. Assume that the universal covering of M is biholomorphic to a ball in C m . Let f : M → P n (C) be a meromorphic map which is linearly nondegenerate (i.e., its image is not contained in any hyperplane of P n (C)). Let H 1 , · · · , H q be hyperplanes of P n (C) in general position. For some ρ ≥ 0, if there exists a bounded continuous function h ≥ 0 on M such that
f (H i ) ≤ n + 1 + ρn(n + 1).
Recently, M. Ru-S. Sogome [12] generalized Theorem A to the case of meromorphic mappings intersecting a family of hypersurfaces in general position. After that, Q. Yan [13] extended Theorem A by consider the case where the family of hypersurfaces in subgeneral position. He proved the following.
Theorem B (see [13] , Theorem 1.1). Let M be an m-dimensional complete Kähler manifold and ω be a Kähler form of M. Assume that the universal covering of M is biholomorphic to a ball in C m . Let f be an algebraically nondegenerate meromorphic map of M into P n (C). Let Q 1 , ..., Q q be hypersurfaces in P n (C) of degree P Ij , in k-subgeneral position in P n (C). Let d = l.c.m.{Q 1 , ..., Q q } (the least common multiple of {Q 1 , ..., Q q }). Denote by Ω f the pull-back of the Fubini-Study form of P n (C) by f. Assume that for some ρ ≥ 0, there exists a bounded continuous function h ≥ 0 on M such that
Then, for each ǫ > 0, we have
where u = N +n n ≤ (3ekdI(ǫ −1 )) n (n + 1) 3n and N = 2kdn 2 (n + 1) 2 I(ǫ −1 ).
Here, for a real number x, we define I(x) := min{a ∈ Z ; a > x}. However, the above result of Q. Yan does not yet completely extend the results of H. Fujimoto and M. Ru-S. Sogome. Indeed, when the family of hypersurfaces in general position, i.e., k = n, the first term in the right hand side of the defect relation inequality is n(n + 1), which is bigger than (n + 1) as usual.
Our purpose in this paper is to establish a non-integrated defect relation for meromorphic mappings of complete Kähler manifolds into a subvariety V with k-dimension in P n (C) sharing hypersurfaces located in subgeneral position which generalizes the above mentioned results and improves the result of Q. Yan. Our main idea to avoid using the Nochka weights is that we will replace k + 1 hypersurfaces from N + 1 hypersurfaces by k + 1 new other hypersurfaces in general position inV so that this process does not change the estimate. Moreover, in our result, we will give an explicit truncation level for the counting functions. Before stating our result, we recall the following.
Let N ≥ n and q ≥ N + 1. Let Q 1 , ..., Q q be hypersurfaces in P n (C). The hypersurfaces Q 1 , ..., Q q are said to be in N-subgeneral position with respect to V if
is in n-subgeneral position then we say that it is in general position. Our main result is stated as follows. 
where
Here, by the notation [x] we denote the biggest integer which does not exceed the real number x.
In the case of the family of hypersurfaces is in general position, we get N = n. Moreover,
2 for every 1 ≤ k ≤ n, letting ǫ = 1 + ǫ ′ with ǫ ′ > 0 and then letting ǫ ′ −→ 0 from the above theorem, we obtain the following corollary.
For a divisor ν on a ball B m (R) of C m , with R > 0, and for a positive integer M or M = ∞, we define the counting function of ν by
Similarly, we define n
Similarly, define N(r, r 0 , ν [M ] ) and denote it by N [M ] (r, r 0 , ν).
For brevity, we will omit the character
2.2. Characteristic function and first main theorem. Let f : B m (R) −→ P n (C) be a meromorphic mapping. For arbitrarily fixed homogeneous coordinates (w 0 : · · · : w n ) on P n (C), we take a reduced representationf = (f 0 , . . . , f n ), which means that each f i is a holomorphic function on B m (R) and f (z) = f 0 (z) : · · · : f n (z) outside the analytic
The characteristic function of f is defined by
By Jensen's formula, we will have
Let Q be a hypersurface in P n (C) of degree d. Throughout this paper, we sometimes identify a hypersurface with the defining polynomial if there is no confusion. Then we may write
in n with I = (i 0 , ..., i n ) ∈ T d and a I (I ∈ T d ) are constants, not all zeros. In the case d = 1, we call Q a hyperplane of P n (C).
The proximity function of f with respect to Q, denoted by m f (r, r 0 , Q), is defined by
where Q(f ) = Q(f 0 , ..., f n ). This definition is independent of the choice of the reduced representation of f . We denote by f * Q the pullback of the divisor Q by f . We may see that f * Q identifies with the zero divisor ν
of the function Q(f ). By Jensen's formula, we have
Then the first main theorem in Nevanlinna theory for meromorphic mappings and hypersurfaces is stated as follows.
where O(1) is a constant independent of r.
If lim r→1
sup T (r, r 0 ) log 1/(1 − r) = ∞, then the Nevanlinna's defect of f with respect to the hypersurface Q truncated to level l is defined by
.
There is a fact that 0 ≤ δ 
In [12] , M. Ru and S. Sogome gave the following lemma on logarithmic derivative for the meromorphic mappings of a ball in C m into P n (C). 
with a reduced representationF = (F 0 , . . . , F N ) and let (α 0 , . . . , α N ) be an admissible set of F . Set l = |α 0 | + · · · + |α N | and take t, p with 0 < tl < p < 1. Then, for 0 < r 0 < R 0 , there exists a positive constant K such that for r 0 < r < R < R 0 ,
Here
Chow weights and Hilbert weights.
We recall the notion of Chow weights and Hilbert weights from [11] .
Let X ⊂ P n (C) be a projective variety of dimension k and degree ∆. To X we associate, up to a constant scalar, a unique polynomial
, which is called the Chow form of X, with the following properties:
Let F X be the Chow form associated to X. Let c = (c 0 , . . . , c n ) be a tuple of real numbers. Let t be an auxiliary variable. We consider the decomposition
with G 0 , . . . , G r ∈ C[u 00 , . . . , u 0n ; . . . ; u k0 , . . . , u kn ] and e 0 > e 1 > · · · > e r . The Chow weight of X with respect to c is defined by e X (c) := e 0 .
For each subset J = {j 0 , ..., j k } of {0, ..., n} with j 0 < j 1 < · · · < j k , we define the bracket
be all subsets of {0, ..., n} of cardinality k + 1. Then the Chow form F X of X can be written as a homogeneous polynomial of degree
We may see that for c = (c 0 , . . . , c n ) ∈ R n+1 and for any J among
For a = (a 0 , . . . , a n ) ∈ Z n+1 ≥0 we write x a for the monomial x 
By the usual theory of Hilbert polynomials,
The m-th Hilbert weight S X (m, c) of X with respect to the tuple c = (c 0 , . . . , c n ) ∈ R n+1 is defined by
where the maximum is taken over all sets of monomials x a 1 , . . . , x a H X (m) whose residue classes modulo I form a basis of
The following theorem is due to J. Evertse and R. Ferretti [4] and is restated by M. Ru [11] for the special case when the field K = C. 
The following lemma is due to J. Evertse and R. Ferretti [5] for the case of the field Q p and reproved by M. Ru [11] for the case of the field C.
Lemma 2.5 (Lemma 3.2 [11] , see also Lemma 5.1 [5] ). Let Y be a subvariety of P q−1 (C) of dimension k and degree ∆. Let c = (c 1 , . . . , c q ) be a tuple of positive reals. Let {i 0 , ..., i k } be a subset of {1, ..., q} such that
Non-integrated defect relation for nondegenerate mappings sharing hypersurfaces in subgeneral position
First of all, we need the following lemma due to [9] .
Lemma 3.1. Let V be a smooth projective subvariety of
Then there exists k hypersurfaces P 2 , ..., P k+1 of the forms
Let f : M −→ P n (C) be a meromorphic mapping with a reduced representationf = (f 0 , . . . , f n ). We define
as divisors. We now have the following. Lemma 3.2. Let {Q i } i∈R be a family of hypersurfaces in P n (C) of the common degree d and let f be a meromorphic mapping of C m into P n (C). Assume that i∈R Q i = ∅. Then, there exist positive constants α and β such that
Proof. Let (x 0 : · · · : x n ) be homogeneous coordinates of P n (C). Assume that each Q i is defined by I∈I d a iI x I = 0.
and consider the following function
Since the function h is positive continuous on P n (C), by the compactness of P n (C), there exist positive constants α and β such that α = min x∈P n (C) h(x) and β = max x∈P n (C) h(x). Therefore, we have α||f
The lemma is proved.
By Jensen's formula, we have the following lemma.
be a family of hypersurfaces in P n (C) of the common degree d and let f be a meromorphic mapping of
are linearly independent. Then, for every 0 < r 0 < r < R 0 , we have
where F is the meromorphic mapping of
Proof of Theorem . By using the universal covering if necessary, we may assume that
(j = 1, · · · , q) if necessary, we may assume that all hypersurfaces Q i (1 ≤ i ≤ q) are of the same degree d. We denote by I the set of all permutations of the set {1, ...., q}. Denote by n 0 the cardinality of I. Then we have n 0 = q!, and we may write that I = {I 1 , ...., I n 0 } where I i = (I i (1) , ..., I i (q)) ∈ N q and I 1 < I 2 < · · · < I q in the lexicographic order.
For each I i ∈ I, we denote by P i,1 , ..., P i,k+1 the hypersurfaces obtained in Lemma 3.1 with respect to the hypersurfaces Q I i (1) , ..., Q I i (N +1) . It is easy to see that there exists a positive constant B ≥ 1, which is chosen common for all I i ∈ I, such that
Consider a reduced representationf = (f 0 , . . . , f n ) :
Since Q 1 , . . . , Q q are in N−subgeneral position in V , by Lemma 3.2, there exist a positive constant A, which is chosen common for all I i , such that
Therefore, for z ∈ S(i) we have
, where C is a positive constant, which is chosen common for all I i ∈ I, such that
The above inequality implies that
We consider the mapping Φ from V into P l−1 (C) (l = n 0 (k + 1)), which maps a point x ∈ V into the point Φ(x) ∈ P l−1 (C) given by
j=1 P 1,j = ∅, Φ is a finite morphism on V and Y is a complex projective subvariety of P l−1 (C) with dim Y = k and ∆ : a 1,1 , . . . , a 1,k+1 , a 2,1 . . . , a 2,k+1 , . . . , a n 0 ,1 , . . . , a n 0 ,k+1 ) ∈ Z l ≥0 and y = (y 1,1 , . . . , y 1,k+1 , y 2,1 . . . , y 2,k+1 , . . . , y n 0 ,1 , . . . , y n 0 ,k+1 ) we denote y a = y
1,k+1 . . . y a n 0 ,1 n 0 ,1 . . . y a n 0 ,k+1 n 0 ,k+1 . Let u be a positive integer. We set
and define the space
which is a vector space of dimension n u +1. We fix a basis {v 0 , . . . , v nu } of Y u and consider the meromorphic mapping F with a reduced representatioñ
Hence F is linearly nondegenerate, since f is algebraically nondegenerate. Then there exists an amissible set α
Now, we fix an index i ∈ {1, ...., n 0 } and a point z ∈ S(i). We define 
We see that y a i,z ∈ Y u (modulo (I Y ) u ). Then we may write
From Theorem 2.4 we have
We chose an index i 0 such that z ∈ S(i 0 ). It is clear that
where the term O(1) does not depend on z and i 0 . Combining (3.5), (3.6) and the above remark, we get
Since P i 0 ,1 ..., P i 0 ,k+1 are in general with respect to Y , By Lemma 2.5, we have
Then, from (3.4), (3.7) and (3.8) we have
where the term O(1) does not depend on z.
Then from above inequality, we get log ||f (z)||
Then there exists a positive constant K 0 such that
We now estimate the quantity ν W (F ) (r). We consider a point z ∈ B m (R 0 ) which is outside the indeterminacy locus of f . We see that ν (a i,1,1 , . . . , a i,1,k+1 , . . . , a i,n 0 ,1 , . . . , a i,n 0 ,k+1 ), a i,j,s ∈ {1, ..., l u } such that y a 1 , ..., y a H Y (u) is a basic of Y u and
Similarly as above, we write y
. By the property of the general Wronskian, we see that
where c is a nonzero constant. This yields that
Since P 1,1 , ..., P 1,k+1 are in general position, then by Lemma 2.5 we have
On the other hand, by Theorem 2.4 we have that
Combining this inequality and (3.11), we have
Also it is easy to see that ν
Combining this inequality and (3.12), we have
Therefore,
Assume that
We now suppose that
Then, for each j ∈ {1, . . . , q}, there exist constants η j > 0 and continuous plurisubharmonic functionũ j such that eũ j |ϕ j | ≤ ||f || dη j , where ϕ j is a holomorphic function with
Put u j =ũ j + log |ϕ j |, then u j is a plurisubharmonic and
Therefore, we have the following current inequality
This implies that v is a plurisubharmonic function on B m (R 0 ).
On the other hand, by the growth condition of f , there exists a continuous plurisubharmonic function ω ≡ ∞ on B m (R 0 ) such that
We choose u be the smallest positive integer such that ǫ− pm 0 l u > 0 and u < pm 0 lǫ −1 +1. Then, we see that
and the function ζ = ω + tv is plurisubharmonic on the Kähler manifold M. Choose a
(3.14)
(a) We first consider the case where R 0 < ∞ and lim
It suffices for us to proof the Theorem in the case where B m (R 0 ) = B m (1).
Integrating both sides of 3.14 over B m (1), we have
We note that (
Then by Proposition 2.3 there exists a positive constant K 1 such that, for every 0 < r 0 < r < r ′ < 1, we have
, we get
outside a subset E ⊂ [0, 1] with E dr 1 − r < +∞. Hence, the above inequality implies
for all z outside E, where K is a some positive constant. By choosing K large enough, we may assume that the above inequality holds for all z ∈ B m (1). Then, the inequality 3.15 yields that Hence, we must have
Since ǫ − pm 0 l u > 0, the above inequality implies that
The theorem is proved in this case.
We note that deg
. Then the number n u is estimated as follows
(b) We now consider the remaining case where lim
Repeating the argument in the proof of Theorem 1.1, we only need to prove the following theorem. 
where S(r) is evaluated as follows:
(i) In the case R 0 < ∞,
Proof. Repeating the above argument, we have
for every 0 < r 0 < r < R < R 0 . Using the concativity of the logarithmic function, we have
for some positive constant K. By the Jensen formula, this inequality implies that
(3.17)
From 3.12, we have
Combining this estimate and (3.17), we get
, r 0 ) ≤ 2T f (r, r 0 ) outside a subset E ′ ⊂ [0, ∞) with E ′ dr < ∞ in the case R 0 = ∞. be a regular submanifold of C n ; namely, f be a holomorphic map of M into C n such that rankd p f = dim M for every point p ∈ M. We assign each point p ∈ M to the tangent space T p (M) of M at p which may be considered as an m-dimensional linear subspace of T f (p) (C n ). Also, each tangent space T p (C n ) can be identified with T 0 (C n ) = C n by a parallel translation. Hence, each T p (M) is corresponded to a point G(p) in the complex Grassmannian manifold G(m, n) of all m-dimensional linear subspaces of C n . 
